Traditional design optimization of the Voigt-type dynamic vibration absorber often solved for the vertical or lateral vibration problems. However, for the damped primary system under torsional excitation, to the best of our knowledge, there is no study to solve this problem by algebraic approaches. This paper presents the analytical solutions to the optimization of dynamic vibration absorber, which is used to suppress torsional vibration of multi-degrees-of-freedom damped linear systems. The parameters considered in optimizing are dimensionless natural frequency of dynamic vibration absorber and viscous damping of absorber. First, the system equations of motion for shaft-dynamic vibration absorber system subjected to time-varying torsional moment were established. Then, closed-form formulae of optimized parameters were derived using the fixed-point theory. The obtained formulae provide exact solution for the proposed problem. To confirm the effectiveness of the obtained formulae, parametric studies on torsional vibration were performed for several sample multi-degrees-of-freedom systems with and without optimal dynamic vibration absorber. Numerical results showed that torsional vibrations of the primary system attached with optimal dynamic vibration absorber are effectively suppressed, even in the resonant conditions.
Introduction
A dynamic vibration absorber (DVA) is a widely used passive vibration control device attached to primary structures to reduce or eliminate the harmful vibration caused by exciting load or motion. Pioneer study on DVA was presented by Frahm, 1 in which a DVA without damping element was proposed. Since then, the device has been extensively studied both theoretically and experimentally aiming at suppressing undesired vibrations in various types of mechanical systems. Ormondroyd and Den Hartog 2 proposed a DVA, which composed of a spring element and a viscous damper arranged in parallel. Their DVA was found to be effective to a large range of frequency and became a standard design for DVA known as the Voigt-type DVA. Thereafter, many authors have conducted optimization design of the Voigt-type DVA based on different optimization criteria.
One of the first optimization criteria was H 1 optimization, which was based on the objective of minimizing the maximum amplitude magnification factor of the primary system. 2 Crandall and Mark 3 proposed the H 2 optimization criterion for design of the damped DVA, which aimed at lessen the total vibration energy of the system over all frequencies. Iwata DVA using H 2 optimization. Later, Asami et al. 6 proposed analytical solutions for the H 1 and closed-form algebraic solution for H 2 optimization of a DVA used in damped linear primary systems. Anh and Nguyen 7 determined the approximate analytical solutions for the H 1 optimization of the nontraditional DVA attached to the damped primary structure subjected to force excitation. Yamaguchi 8 suggested the stability maximization criterion for optimization design of DVA used in a system subject to an impulsive force. Unlike the H 1 and H 2 optimization, which focused on improving the steady-state response of the primary system, objective of the stability maximization criterion was to improve the transient vibration of the system. The fixed-points theory was first proposed by Hahnkamm to derive optimum tuning parameter of a DVA in two-degrees-of-freedom (2-DOF) system. 9 He suggested that there are two fixed points, which are independent of the damping value in the auxiliary system. These two points are used for obtaining the optimum parameter and all curves pass through these points independent of the absorber damping. Later, Brock 10 adopted this theory to determine mathematical expression of the optimum absorber damping that flattens the frequency response function of the primary structure. Thenceforth, the fixed-points theory has become one of the design laws in determining the optimum tuning and damping ratios of the DVA in many cases. This theory was proven to be successful in the control of a point response of a continuous structure with separated natural frequencies. 11 Nishihara and Asami 12 improved the fixed-points method for minimizing the maximum amplitude magnification factor of a primary system attached with a DVA. They proposed closedform formulae for the optimum tuning ratio and the optimum damping coefficient applied for undamped primary system. Dayou 11 used the fixed-points theory derive the optimum tuning and damping ratios of a continuous structure using vibration neutralizer. A number of other optimization methods have also been proposed including nonlinear programming techniques, 13 frequency locus method, 14 and min-max Chebyshev's criterion. 15 Recently, Anh et al. 16, 17 proposed a dual criterion, and a weighted dual criterion for the equivalent linearization method. As observed, most studies in literature have analyzed the traditional vertical or lateral vibration problems with mass, spring, and damper. It is evident that a complete analysis on analytical solutions for optimization of DVA attached to systems under torsional excitation is lacking, especially for damped systems with many DOFs.
Based on the idea of the fixed-points theory, this work proposes an analytical approach to the design of the DVA for damped structures by replacing the traditional vibration problem by a torsional vibration problem. The design parameters are dimensionless natural frequency of DVA and viscous damping of absorber. The models for analysis are the systems with both single degree-of-freedom (SDOF) and multi-degree-of-freedom (MDOF) primary structures. Closed-form formulae of optimal design parameters are derived analytically using the fixed-point theory. As a result, the obtained formulae provide exact solution for the proposed problem. To reveal the effectiveness of proposed formulae, parametric studies are carried out for several MDOF systems with and without optimal DVA. The analytical solution presented in this work provides a background for the design of alternative torsional vibration absorbers, which has attracted significant attentions recently, especially, the latest research topic on nonlinear energy sinks toward vibration suppression for a broader range of frequencies. [18] [19] [20] Optimization of the DVA Model of the system Figure 1 shows the model of a linear damped structure considered in this study. The primary system is represented by a shaft with N elements (N degrees of freedom) excited by a time-variant torsional moment M(t). J ri and k si (i ¼ 1,. . .,N) indicate mass moment of inertia and torsional stiffness of the shaft element, respectively. The primary system is connected to a DVA via a rotor (r). Figure 2 shows the model of DVA, which consists of sets of linear springs and dampers attached with a passive disk (a) having mass moment of inertia of J a . e 1 and e 2 indicate radial position of spring and damper. k a and c a are the spring stiffness and damping coefficient of damper, respectively. The relative angular displacement between the rotor and passive disk is ' a . The torsional vibration of shaft can be written as
where ' r and 0 are the angular displacement of the rotor and angular speed of the shaft end, respectively. The design optimization in this work focuses on the objective of minimizing the torsional vibration amplitude.
SDOF system
System equations of motion. The SDOF model is represented in Figure 3 , in which the primary structure has only one element. To derive the system equations of motion, the Lagrangian equation is used and detailed in Appendix 1 with names of parameters given in Notation section. The system equations of motion are expressed as
By describing the excitation torque in the complex form (3) to (5) into equation (2), the vibration response of the primary system is obtained aŝ
where
From equation (6), real amplitude of the vibration response can be obtained as detailed in Appendix 2
where A is an amplitude magnification function
Determination of optimal value for and . Figure 4 shows the variation of A as a function of frequency ratio .
It is seen that all the curves pass two fixed points denoted by S and T with different values of . According to the fixed-point theory, the optimal value of is the one for which the maximum A values correspond to the fixed points. Consequently, following conditions should be satisfied 
where 1 and 2 are the frequency ratios at the fixed points S and T, respectively. Substituting equation (11) into equations (12) and (13) and performing partial derivative of the obtained equation with respect to and give
Equation (15) yields
Solving this equation gives as
This two values of correspond to the two fixed points S and T. Substituting 1 and 2 into equation (14) gives
Solving this equation, the optimal value of is found as
By substituting 1,2 and opt in equations (18) and (21) into equation (16), can be found as
According to Brock, 10 the optimal value of is taken as Figure 5 shows the variation of A with and without optimal value of . It is clear that the value of A with optimal is minimized in the resonant region.
MDOF system
System equations of motion. The MDOF system is shown in Figure 1 . In this study, natural frequencies of all elements are assumed identical, therefore
Applying the Lagrangian equations, the system equations of motion can be derived, which are detailed in Appendix 3, as 
Determination of optimal value for and . Having obtained the system equations of motion, equation (27), the amplitude magnification factor applied for the MDOF system can be found. In this study, the amplitude magnification factor formula for traditional vertical vibration of mass-spring system has been modified to apply for torsional vibration of shaft-DVA system. Details of the formulation process are given in Appendix 4. Then A is obtained and written as follows Figure 6 shows the variation of A as a function of for a sample system with N ¼ 2. As seen in Figure 6 , all the curves pass several fixed points. The number of fixed points is equal to 2N. The values of at fixed points are found by solving equation @A=@ ¼ 0, similarly to the SDOF case. Taking derivative of equation (28) with respect to gives
Applying condition
Equation (31) subsequently gives
Equation (32) is then solved to give . To derive optimal formula of ( opt ), the values of A at two fixed points (corresponding to 1 and 2 ) are set equal. There are several values of frequency ratio such as ¼ 0.26, 0.67, and 1.62, at which the resonance occurs as shown in Figure 6 . The controlled resonant region specified in the optimization design is the one closest to ¼ 1. Then, the frequency ratios 1 and 2 are selected so that the controlled frequency ratio should be located between them. In this manner, two fixed points selected in Figure 6 should be S and T. To determine the optimal formula of ( opt ), equation @A=@ ¼ 0 should be solved as follows. First, rearranging equation (28) gives Then, by taking derivative of equation (33) with respect to , following equation is obtained
Let @A @ ¼ 0 and substituting into equation (34) 
Finally, the optimal value of is found as Table 1 summarizes the optimal formulae of and for the systems with N ¼ 1, 2, and 3. Figure 7 shows the variation of A with and without optimal . Figure 7 indicates that there are several resonant regions, for example the resonant regions at ¼ 0.392, 0.873, and 1.648. It is clear that the value of A at the controlled resonant region (at ¼ 0.873) is lowest for the system with optimal . Table 2 presents the values A at resonant regions of the curves in Figure 7 . From Table 2 , it is observed that not only the value of A at controlled resonant region of optimized curve, but also those values at other resonant regions are reduced in comparison to the curves without optimal .
Parametric studies
To demonstrate the above analysis, computations will be performed for a sample system with parameters given in Table 3 . The shaft is excited by a torsional moment with amplitude of 5 Nm and varying excitation frequency. The shaft rotational speed is selected at 0 ¼ 0. The dimensionless parameters can be calculated and shown in Table 4 . Table 5 shows the optimization results calculated by present method. Figure 8 shows the computational results of system vibration with optimal DVA and without DVA for Table 1 . Formulae for opt and opt with different number of DOFs.
SDOF system. The frequency ratio is selected at ¼ 0.04, which is away from resonant condition. It is observed that in the steady-state condition, the system without DVA vibrates at vibration amplitude of 0.3 rad, compared to about 0.0005 rad for the system with optimal DVA. Figure 9 shows the vibration response of the SDOF system without DVA and with optimal DVA at the resonant condition; i.e. the frequency of excitation moment is equal to the system natural frequency. It can be seen that even in resonant condition, the steady-state vibration amplitude is still very small accounting for about 0.0015 rad. Because of the resonant effect, the vibration of the system Figure 7 . Variation of A as a function of frequency ratio with and without optimal value of (N ¼ 2, without DVA shows a steady increase with significantly higher amplitudes than that of the system with optimal DVA. The vibration responses of the 2-DOF and 3-DOF systems with and without optimal DVA are shown in Figures 10 and 11 , respectively. In this case, the frequency ratio is chosen at ¼ 0.04.
Torsional vibrations of all DOFs corresponding to the shaft elements are illustrated. It is clear that the steady-state vibration amplitudes of the system with DVA are significantly reduced. Therefore, the proposed formulae are proved to be effective for vibration reduction of both SDOF and MDOF systems. To demonstrate the effective of optimal DVA, further vibration calculations will be performed for the MDOF systems in resonant conditions. Figure 12 shows the variation of A of the 2-DOFs system dependent on with ¼ opt and ¼ 0. This figure helps to identify the system frequency ratios at the resonance. As can be seen in Figure 12 of the systems with optimal DVA are significantly lower than those of the systems without DVA. Figure 16 shows the variation of A of the 3-DOFs system dependent on with ¼ opt and ¼ 0. This figure identifies the resonant regions, which occur at the frequency ratio values of ¼ 0.36, 0.77, 1.2, and 1.76. In this case, except the first resonant region at ¼ 0.36, vibration at the other resonances are effectively suppressed with relatively small value of A. Figures 17 and 18 illustrate the vibration responses of the 3-DOF systems without and with optimal DVA estimated at the frequency ratios ¼ 0.36 and 0.77. Again, the optimal DVA significantly reduces the vibration amplitudes of the system in comparison to those of the system without DVA. 
Conclusions
In this paper, the fixed-points theory has been applied to solve the optimal design problem of DVA, which is used to enhance the vibration performance of a primary shaft under time-varying torsional moment. The closed-form formulae of DVA's optimal parameters have been obtained analytically. Extended parametric studies have been carried out to test the effectiveness of the optimal parameters proposed in this paper. The computation results show the robustness of the proposed method with torsional excitation even in resonant condition. Therefore, the obtained results could be useful in practice. The obtained formulae enable the optimal design of DVA for MDOF systems. 
